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Thin rigid sheets floating on a liquid substrate appear, for example, in coatings and surfactant
monolayers. Upon uniaxial compression the sheet undergoes transitions from a compressed flat
state to a periodic wrinkled pattern to a localized folded pattern. The stability of these states is
determined by the in-plane elasticity of the sheet, its bending rigidity, and the hydrostatics of the
underlying liquid. Wrinkles and folds, and the wrinkle-to-fold transition, were previously studied
for incompressible sheets. In the present work we extend the theory to include finite compressibility.
We analyze the details of the flat-to-wrinkle transition, the effects of compressibility on wrinkling
and folding, and the compression field associated with the pattern formation. The state diagram of
the floating sheet including all three states is presented.
I. INTRODUCTION
A thin rigid layer covering a liquid is quite an abundant system. Milk skin and dense Langmuir monolayers [1]
are two examples. When a thin sheet is laterally compressed, it buckles. Unlike the Euler buckling [2] of a sheet
of paper, which makes a single hill or valley, a sheet that covers a soft substrate buckles in more elaborate shapes.
The competition between the sheet’s resistance to bend, favoring a single large buckle, and the substrate’s resistance
to deform, preferring many small wiggles, creates patterns with a characteristic intermediate wavelength [3–5]. The
simplest pattern, of periodic uniaxial waves, wrinkles, is typically the first to appear upon lateral compression or
confinement [4–7, 9–13]. In this case the deformation is evenly spread across the sheet. In another pattern, which
often develops upon further compression of a wrinkled sheet, the deformation gets localized in a finite region, a fold
[14–29]. The localization of wrinkles into a fold is intrinsic, i.e., it is not tied to any inhomogeneity in the sheet. The
generic patterns of wrinkles and folds are observed in a large variety of systems [11, 30], over a wide range of length
scales — from single-molecule surfactant layers [1, 31–33], to 6-nm-thick nanoparticle layers [16, 18], to polymer sheets
with thicknesses of order 10 nm [8] and 1 µm [16, 19].
The case of a liquid substrate, whose resistance to deformation arises from its weight, has attracted particular
attention. The fact that the hydrostatic force on the sheet acts only normal to it, makes this highly nonlinear problem
more tractable than similar ones in thin-sheet elasticity. For example, the problem of an infinite, incompressible,
floating sheet is exactly solvable [22, 24, 25], and so is the nonlinear wrinkling of a finite incompressible sheet [29]. The
theory reveals a second-order wrinkle-to-fold transition, and a narrow stability region for wrinkles, which disappears
in the limit of an infinite sheet. Thus, wrinkles in floating sheets turn out to be a finite-size phenomenon [20]. The
theory was found to fit the experiments to a remarkable accuracy with no fitting parameters [23]. (We note that
patterns in floating thin sheets can originate from other effects such as surface tension [8, 9, 34–38]; the present work
is restricted to substrate effects that are purely hydrostatic.)
Up until now the theory of floating sheets has been limited to incompressible layers. Indeed, as the sheet is made
increasingly thin, its resistance to bending becomes increasingly weaker than its resistance to compression — while the
compression modulus depends linearly on the thickness t, the bending modulus scales as t3 [2]. Hence, the assumption
of incompressibility is valid for a sufficiently small thickness. It does not allow, however, to examine in detail the
onset of wrinkling, i.e., the transition from a compressed flat configuration to a wrinkled one; in the absence of
compressibility, wrinkles must appear at an arbitrarily small confinement. In addition, it is of interest to study the
evolution of the compression field accompanying the pattern formation, as well as the corrections to earlier results
due to compressibility. These are the purposes of the present work.
We begin in Sec. II by introducing the model and its resulting energy functional. Section III presents a detailed
analysis of the energy-minimizing configurations. Following the footsteps of Refs. [21, 29], we employ a multiple-scale
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2analysis to study the flat-to-wrinkle transition, wrinkle growth, the wrinkle-to-fold transition, and the subsequent
evolution of the fold. In Sec. IV we conclude and discuss the experimental relevance of the findings.
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FIG. 1. Schematic evolution of patterns in a compressible finite sheet floating on a heavy liquid. For small displacements,
∆ < ∆w, the sheet is compressed while remaining flat. At a critical displacement ∆w the flat sheet buckles into wrinkles of
wavelength λ. For ∆w < ∆ < ∆f the wrinkles grow in amplitude until, at another critical displacement ∆f , the pattern begins
to localize. For ∆ > ∆f the pattern continues to localize into a single fold.
II. MODEL
A compressible thin elastic sheet of relaxed length L, bending modulus B, and stretching modulus Y , lies on a fluid
substrate of mass density ρ. The sheet is uniaxially compressed from the boundaries and develops an out-of-plane
deformation on the xy plane, independent of z (see Fig. 1). This configuration makes the problem one-dimensional,
dependent solely on the arclength along the sheet. We distinguish between the relaxed arclength, s, and the compressed
one, sˆ. The deformation of the sheet is defined by two functions: a compression field, γ(s) = dsˆ/ds [(γ − 1) being
the in-plane strain], and the angle profile φ(s) between the tangent to the sheet and the horizontal axis. (The local
curvature is then given by v ≡ dφ/dsˆ = γ−1dφ/ds.) It is convenient to define also the height function h(s), which is
related to γ and φ by the geometric constraint,
dh
dsˆ
= γ−1
dh
ds
= sinφ. (1)
The energy (per unit length along z) of a given deformation contains contributions from stretching, bending, and
the fluid’s hydrostatics,
E = Es + Eb + Ef , (2)
Es =
∫ L/2
−L/2
ds
Y
2
(γ − 1)2,
Eb =
∫ L/2
−L/2
ds
B
2
(
dφ
ds
)2
,
Ef =
∫ L/2
−L/2
ds
ρg
2
h2 cosφ.
The boundary displacement associated with a given deformation is
∆ =
∫ L/2
−L/2
ds(1− γ cosφ). (3)
3We note that Es + Eb as given in Eq. (2) is the known energy functional of the extensible elastica [40, 41]. It can be
systematically derived from the continuous limit of a discrete model, which ensures the independence of the stretching
and bending contributions [41]. The equilibrium deformation of the sheet is the minimizer of E for a given ∆, subject
to the geometrical constraint (1). Alternatively, instead of ∆, we can specify the boundary pressure (force per unit
length) P and minimize
G = E − P∆, (4)
for a given P .
The problem has two intrinsic lengths (apart from the system length L),
ξ ≡ (B/Y )1/2, (5)
q−1 = λ/(2pi) ≡ [B/(ρg)]1/4, (6)
which define a dimensionless compressibility parameter,
ζ ≡ (qξ)2 = (Bρg)1/2/Y. (7)
For an incompressible sheet, Y → ∞, and so ζ → 0. For a compressible sheet, in terms of the sheet thickness t, we
have B ∼ t3 and Y ∼ t, implying ξ ∼ t, q−1 ∼ t3/4, and ζ ∼ t1/2 t→0−−−→ 0. Thus, ζ is small for thin sheets. The
analysis given in Sec. III yields expressions which are correct to all orders in ζ.
We rescale all lengths by q−1, the energies per unit length by Bq, and the pressure by ζY = (Bρg)1/2. This results
in
G =
∫ L/2
−L/2
ds
[
1
2ζ
(γ − 1)2 + 1
2
(
dφ
ds
)2
+
1
2
γh2 cosφ− P (1− γ cosφ)
]
. (8)
Thus, the problem contains three dimensionless parameters: ζ and the rescaled P and L.
III. DETAILED ANALYSIS
As in earlier works [22, 24, 29], we first recast the problem in dynamical terms, where s stands for time and (˙)
denotes a derivative with respect to s. In this analogy we need to minimize an “action”, S = ∫ L/2−L/2 dsL(φ, h, γ, φ˙, h˙, γ˙),
with the “Lagrangian”,
L = 1
2
φ˙2 +
1
2ζ
(γ − 1)2 + 1
2
γh2 cosφ− P (1− γ cosφ)−Q(s)(γ sinφ− h˙). (9)
In Eq. (9) Q(s) is a Lagrange multiplier introduced to impose the local geometrical constraint (1) at each point along
the sheet. The conjugate “momenta” are identified as pφ = ∂L/∂φ˙ = φ˙, ph = ∂L/∂h˙ = Q, and pγ = ∂L/∂γ˙ = 0.
These are used to construct the “Hamiltonian”, H(φ, h, γ, pφ, ph, pγ) = pφφ˙+ phh˙+ pγ γ˙ − L,
H = − 1
2ζ
(γ − 1)2 + 1
2
p2φ −
(
1
2
h2 + P
)
γ cosφ+ phγ sinφ = H0 = const. (10)
As L has no explicit dependence on s, H = H0 is a “constant of motion”, i.e., it is uniform across the sheet and fully
determined by the conditions at the boundaries.
A. General relation between compression and curvature
The fact that the energy does not depend on γ˙ has led above to pγ = 0. This results, through Hamilton’s equation,
p˙γ = −∂H/∂γ = 0, in
1
ζ
(γ − 1) +
(
1
2
h2 + P
)
cosφ− ph sinφ = 0. (11)
4Equations (10) and (11) yield a general relation between the compression and angle fields,
γ(s) =
[
γ¯2 − ζ
(
dφ
ds
)2]1/2
, (12)
where γ¯ = 1 + 2ζH0 is a constant determined by boundary conditions.
This relation raises several noteworthy points. (i) In the incompressible limit (ζ = 0), γ(s) ≡ 1 as expected. (ii)
In flat configurations, the compression field has a uniform value, γ(s) ≡ γ¯, dictated by boundary conditions. As the
sheet goes out of plane, the compression is increased throughout the sheet, γ(s) < γ¯, with maxima at the points of
maximum curvature. (In the case of uniaxial deformation, unlike the case of a two-dimensional one, buckling does not
cause stress collapse.) (iii) If the sheet is hinged at its boundaries (having zero curvature there), γ¯ is the boundary
value of the compression field, and γ(s) is smaller than that value everywhere in the sheet. (iv) The relation (12) is
independent of the hydrostatic contribution Ef ; the dependence on ρg enters through factors of q
2 in both ζ and the
rescaled ds2, which mutually cancel. In fact, the same relation holds for any energy of the form Es +Eb +
∫
dsγV (φ),
where V (φ) is an arbitrary function [41]. (v) In terms of the curvature, v = dφ/dsˆ = γ−1dφ/ds, Eq. (12) takes the
form,
γ(sˆ) =
γ¯√
1 + ζv2
. (13)
This relation between stretching and curvature is reminiscent of relativistic mechanics, where v, −ζ−1/2, and γ play
the roles, respectively, of velocity, speed of light, and the Lorentz dilation factor, such that the incompressible limit
corresponds to classical mechanics. This curious (and useful) analogy is discussed in Ref. [41].
B. States and transitions
In this section we derive expressions for the in-plane deformation, out-of-plane profile, and critical values of pressure
and displacement at the two transitions. The expressions are valid for an arbitrary size of the compressibility parameter
ζ. However, since this parameter is typically very small, a leading-order expansion in ζ should be sufficient for all
practical purposes, and we provide these approximate expressions as well.
We begin with the flat state. Specializing Eqs. (3), (8), and (12) to the case of h(s) = φ(s) ≡ 0, we obtain
γ(s) ≡ γ¯ = 1−∆/L = 1− ζP,
∆ = LζP,
G = −LζP 2/2, (14)
which describes the simple linear deformation of a uniaxially compressed flat sheet.
To analyze the non-planar patterns we employ a multiple-scale analysis similar to the one presented in Refs. [21, 29].
We assume a long (but finite) sheet, L k−1, where 2pi/k ∼ λ is the wrinkle wavelength, and λ is the intrinsic length
defined in Eq. (6). Our small parameter is the distance to the flat-to-wrinkle transition; more specifically,
 ≡ (Pw − P )1/2. (15)
As L is increased to arbitrarily large values, the wrinkle-to-fold transition occurs arbitrarily close to the flat-to-wrinkle
one [20, 21]. Thus, restricting the analysis to the leading order in 1/L allows the use of the same perturbation theory
for both transitions.
For simplicity, we limit the discussion to L = piN/k, where N is an integer, i.e., the wrinkled pattern contains N
wrinkles. Odd and even N correspond respectively to symmetric and antisymmetric solutions. In addition, we assume
hinged boundary conditions, i.e., vanishing height and bending moment at the edges of the sheet,
h(±L/2) = φ˙(±L/2) = 0. (16)
For these boundary conditions, according to Eq. (12), the constant γ¯ coincides with the boundary compression
γ(±L/2).
In the wrinkled state the pattern is periodic, and slightly above the wrinkle-to-fold transition it is weakly local-
ized. Thus, the system exhibits either one spatial variation, or two with well-separated scales — fast undulations of
wavelength 2pi/k ∼ λ, and a slow envelope of decay length η−1  λ. This suggests the following approximation:
h(s) '  cos(ks)H(S), (17)
5where S ≡ s is the slow variable, and we will denote a derivative with respect to S by ( )′. In the wrinkled state H
is constant, and in the folded state it is a decaying envelope. We have chosen a symmetric profile; an antisymmetric
one is obtained by replacing the cosine with a sine and leads to similar results. The boundary conditions of vanishing
height are satisfied by the fast oscillating function, cos(Npi/2) = 0 for odd N . The boundary conditions of vanishing
bending moment turn into
H ′(±L/2) = 0. (18)
We substitute the height function (17) in the equations derived above (specifically, Eqs. (1), (3), (8), and (12)),
average over the fast oscillations, and obtain approximate expressions for the various quantities,
G ' Gw + 2G2 + 4G4, Gw = −ζPw/2, (19)
∆ ' ∆w + 2∆2 + 4∆4, ∆w = LζPw,
γ¯ ' γ¯w + 2γ¯2 + 4γ¯4, γ¯w = 1− ζPw,
γ(s) ' γw + 2γ2(s) + 4γ4(s), γw = γ¯w = 1− ζPw,
where the zeroth-order terms, the ones at the wrinkle-to-fold transition, have been obtained from the edge of the
flat state, Eq. (14). Since the system has an up-down symmetry, only even powers of  survive. The assumed height
function (17), linear in , is sufficient for getting the leading terms specified in Eq. (19). The expansion is worked out
in detail in the Supplementary Material [42].
1. Flat-to-wrinkle transition and wrinkle growth
The expression for the second-order energy term, G2, is found to be [42]
G2 = (1− γw)L+ 1
4γ2w
(
k4 − γwPwk2 + γ3w
) ∫ L/2
−L/2
H2ds. (20)
The flat state becomes unstable when going out of plane lowers the energy, i.e., when the coefficient of
∫
H2 in G2
becomes negative, which is obtained when the pressure exceeds Pw = (k
4 +γ3w)/(k
2γw). This occurs first for a critical
wavenumber, k = kc = γ
3/4
w , whereby Pw = 2γ
1/2
w . Adding to these results the known conditions at the edge of the
flat state, Eq. (19), and solving for Pw, we obtain the critical flat-to-wrinkle wavenumber, pressure, displacement, and
compression as functions of the compressibility parameter alone,
kc(ζ) =
(√
1 + ζ2 − ζ
)3/2
' 1− 3ζ/2,
Pw(ζ) = 2
(√
1 + ζ2 − ζ
)
' 2(1− ζ),
∆w(ζ) = 2Lζ
(√
1 + ζ2 − ζ
)
' 2Lζ.
γw(ζ) = 1− 2ζ
(√
1 + ζ2 − ζ
)
' 1− 2ζ. (21)
Equation (21) extends the results for the wrinkling transition in an incompressible sheet [4] (kc = 1, Pw = 2, ∆w = 0,
γw = 1) to sheets of finite compressibility. We find that the compressibility lowers the critical pressure and increases
the wrinkle wavelength. In addition, we obtain the second-order expressions for the displacement and compression
[42],
∆2 =
1
4
√
1 + ζ2
∫ L/2
L/2
H2ds− Lζ, (22)
γ2(s) = ζ
[
1− 1
2
cos2(kcs)H
2(S)
]
. (23)
Thus, as confinement is increased and wrinkles grow, both the mean compression and its undulations increase as well.
To get the details of the wrinkled state beyond the transition, we need the height profile that minimizes the energy.
This requires the fourth-order energy term [42],
G4 = −Lζ/2 + 2
k
2/3
c
∫ L/2
−L/2
[
1
2
(H ′)2 − α
4
H4 +
β
2
H2 − 1
4
(HH ′)′
]
ds, (24)
6where
α =
1
8
[
1− 5
4
ζ
(√
1 + ζ2 − ζ
)]
, β =
1
4
[
1− ζ
(√
1 + ζ2 − ζ
)]
(25)
are strictly positive functions of ζ. The last (total-derivative) term in Eq. (24) vanishes due to the hinged boundary
conditions (18). Minimizing G4 with respect to H(S) yields the following amplitude equation:
H ′′ + αH3 − βH = 0. (26)
Equation (26) is to be solved together with the boundary conditions (18).
One solution is a constant,
H(S) ≡ H0(ζ) =
√
β/α '
√
2 (1 + ζ/8). (27)
This corresponds to periodic wrinkles,
h(s) = A cos(kcs), A = H0, (28)
whose amplitude grows with the drop in pressure as
A(P ) = H0(ζ)(Pw − P )1/2 '
√
2(Pw − P )1/2(1 + ζ/8). (29)
To get the amplitude as a function of displacement we substitute H = H0 in Eq. (22), finding
A(∆) = 2
(
∆−∆w
L
)1/2 (√
1 + ζ2 − 4ζ/H20
)−1/2
' 2
(
∆−∆w
L
)1/2
(1 + ζ). (30)
This, together with Eq. (15), yields the pressure-displacement relation,
P (∆) = Pw − 4(∆−∆w)
L
(
H20
√
1 + ζ2 − 4ζ
)−1
' Pw − 2∆−∆w
L
(1 + 7ζ/4). (31)
Equations (27)–(31) generalize the results known for wrinkles in incompressible sheets [20–22] (H0 =
√
2, A =√
2(Pw − P ) = 2
√
∆/L, P = Pw − 2∆/L) to compressible sheets. Note that the seeming increase of amplitude with
compressibility in Eqs. (29) and (30) is misleading; once the dependence of Pw and ∆w on ζ is included, the amplitude
at fixed P or ∆ decreases with ζ, as intuitively expected.
We also calculate the compression field along the sheet by substituting the wrinkled profile (28) in Eq. (23),
γ(s) = γw + ζ(Pw − P )
[
1− 1
2
H20 cos
2(kcs)
]
' γw + ζ(Pw − P )[1− cos2(kcs)], (32)
or, in terms of displacement,
γ(s) = γw +
4ζ(∆−∆w)
L
(
H20
√
1 + ζ2 − 4ζ
)−1(
1− 1
2
H20 cos
2(kcs)
)
' γw + 2ζ∆−∆w
L
[1− cos2(kcs)]. (33)
The undulating compression field has double the frequency of the wrinkles. Around the wrinkles’ extrema (both
minima and maxima) there is some extra compression, which takes some of the imposed displacement and makes the
wrinkle amplitude slightly smaller than it would have been in the incompressible case.
The wrinkle amplitude A can be defined as the order parameter of the flat-to-wrinkle transition. Equations (29)
and (30) show that the transition is second-order, as in the incompressible case.
Figure 2(a) shows the wrinkled profile of the compressible sheet along with its incompressible counterpart (dotted
curve). One can notice the slightly shorter wavelength in the incompressible case. In Fig. 2(b) we see the corresponding
compression field (minus its uniform value at the wrinkling threshold).
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FIG. 2. Height (a,c) and compression (b,d) profiles, as a function of arclength, in the wrinkled state (a,b) and folded state
(c,d). The height profiles of the corresponding incompressible sheet (ζ = 0; dotted curves) are shown for comparison. The
height h and arclength s are rescaled by the intrinsic length q−1 (q being the wrinkle wavenumber in the incompressible
sheet). The compression at the flat-to-wrinkle transition, γw, has been subtracted from the compression field. The selected
parameters are ζ = 0.03 and L = 31pi/kc, allowing for a symmetric profile with exactly 16 wrinkles. These yield γw ' 0.94
and critical displacements (rescaled by q−1) ∆w ' 5.93, ∆f ' 6.32. The results are for ∆ = ∆w + 0.2 ∈ (∆w,∆f) (a,b), and
∆ = ∆w + 0.6 > ∆f (c,d). The corresponding values for the incompressible sheet (dotted curves) are ∆w = 0, ∆f ' 0.405, and
∆ = 0.2 (a), ∆ = 0.6 (c), to ensure a valid comparison.
2. Wrinkle-to-fold transition and fold evolution
Equations (26) and (18) have other solutions in the form of Jacobi elliptic functions [39]. Out of those twelve
functions, only one, dn, is found to provide a physical solution [29],
H(S) =
√
2
α
κdn(κS,m), κ(m) =
√
β
2−m, (34)
K(m)/κ(m) = L/2, (35)
where K(m) is the complete elliptic integral of the first kind, which is half the period of the function dn [39]. The
resulting height profile is
h(s) = 
√
2
α
κ cos(kcs)dn(κs,m) =
√
8
α
K(m)
L
cos(kcs)dn
(
2K(m)
L
s,m
)
. (36)
For given P , L, and ζ, one first solves Eq. (35) to find m and then uses it in Eq. (36) to obtain the profile.
The modulus m takes values in the range 0 ≤ m ≤ 1. In the limit m→ 0, the function dn(u,m)→ 1, leading to
m→ 0 : h(s) = 
√
β/α cos(kcs), (37)
which coincides with the wrinkled profile obtained above, Eq. (28). For any m > 0 the function dn(u,m) is a
nonuniform envelope, peaked at u = 0 and decaying symmetrically on both sides. This breaks the profile’s periodicity
and localizes it around the origin. Thus, we can define m as the order parameter of the wrinkle-to-fold transition. In
the limit m→ 1 we have dn(u,m)→ 1/ cosh(u), which gives the following localized profile:
m→ 1 : h(s) = 
√
2β
α
cos(kcs)
cosh
(√
β s
) . (38)
Next, we express the pressure and displacement as functions of m. Equation (35) readily gives
P (m) = Pw − 4
βL2
(2−m)K2(m) ' Pw − 16
L2
(1 + ζ)(2−m)K2(m). (39)
8Within our approximations, the maximum height of the localized profile is proportional to  even as m → 1; see
Eq. (38). Hence, we may continue to use Eqs. (22) and (23) for the displacement and compression. Substituting in
Eq. (22) the envelope H(S) of Eq. (34) and using Eq. (35), we find
∆(m) = ∆w +
2
βL
K(m)
[
H20
√
1 + ζ2E(m)− 2ζ(2−m)K(m)
]
, (40)
where E(m) is the complete elliptic integral of the second kind [39].
To obtain the critical wrinkle-to-fold pressure and displacement we take the limit m→ 0, which yields
Pf = Pw − 2pi
2
L2β
' Pw − 8pi
2
L2
(1 + ζ),
∆f = ∆w +
pi2
2βL
(
H20
√
1 + ζ2 − 2ζ
)
' ∆w + 4pi
2
L
(1 + ζ/4). (41)
These results show that with increasing L the wrinkle-to-fold transition gets increasingly close to the flat-to-wrinkle
one, as stated earlier. Equation (41) extends the results for an incompressible finite sheet [29] (Pf = Pw − 8pi2/L2,
∆f = 4pi
2/L). Compressibility pushes the transition to larger displacement. Expanding P (m) and ∆(m) in small m,
we obtain Pf − P ∼ ∆ −∆f ∼ m2. Thus, compressibility does not affect the order of the wrinkle-to-fold transition,
which is second-order.
Above the wrinkle-to-fold transition, the pressure–displacement relation is obtained parametrically as (∆(m), P (m))
from Eqs. (39) and (40). In the localized limit, m→ 1, these equations turn into P (m) ' Pw − [4/(βL2)]K2(m) and
∆(m) ' ∆w + [2/(βL)]K(m)[H20
√
1 + ζ2− 2ζK(m)]. Eliminating K(m) while keeping only the leading term in , we
find the pressure-displacement relation,
m→ 1 : P (∆) = Pw − α
2
β(1 + ζ2)
(∆−∆w)2 ' Pw − 1
16
(1− 3ζ/2) (∆−∆w)2 . (42)
This localized limit no longer depends on the system size L. Equation (42) is to be compared with the result for an
infinite incompressible sheet, P (∆) = 1−∆2/16 [22]. We use this result to rewrite the localized profile (38) in terms
of the displacement,
m→ 1 : h(s) = A0 cos(kcs)
cosh(ηs)
, (43)
A0 =
(
2α
1 + ζ2
)1/2
(∆−∆w) ' ∆−∆w
2
(1− 5ζ/8),
η =
α√
1 + ζ2
(∆−∆w) ' ∆−∆w
8
(1− 5ζ/4), (44)
which, for ζ = 0, coincides with the infinite-length incompressible case (A0 = ∆/2, η = ∆/8) [22]. Thus, compress-
ibility is found to lower and widen the fold.
Finally, we substitute H(S) of Eq. (34) in Eq. (23) to obtain the compression field in the folded state,
γ(s) = γw + 
2ζ
(
1− κ
2
α
cos2(kcs)dn
2(κs,m)
)
m→1−−−→ γw + 1
2
ζA20
(
α
β
− cos
2(kcs)
cosh2(ηs)
)
. (45)
The maximum compression is at the tip of the fold.
Figure 2(c) presents the height profile of a folded sheet, along with the corresponding profile in the incompressible
case (dotted curve). In Fig. 2(d) we show the accompanying localized compression field.
IV. CONCLUSION
In this work we have analyzed the effect of the compressibility of a finite-size floating sheet on the patterns that the
sheet develops upon uniaxial lateral compression. The theory reproduces earlier results for incompressible infinite [22]
and finite [29] floating sheets in the appropriate limits. It provides the corrections introduced by finite compressibility.
It yields also the nonuniform compression fields (obviously absent in the incompressible case), which accompany the
buckling patterns.
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FIG. 3. State diagrams on the (∆, ζ) plane for fixed L = 21pi (a) and (∆, L) plane for fixed ζ = 0.03 (b). The displacement ∆
and system length L are rescaled by the intrinsic length q−1 (q being the wrinkle wavenumber of the incompressible sheet).
The obtained information is concisely summarized in the two state diagrams presented in Fig. 3. Figure 3(a) shows
the regions of stability of the three states — flat, wrinkled, and folded — on the displacement–compressibility plane
for a fixed sheet length. Figure 3(b) shows the stability regions of the same states on the displacement–length plane
for a fixed compressibility parameter. The lines separating the stability regions represent second-order transitions. In
the limit of an incompressible sheet (ζ → 0) the flat-state region vanishes. The stability region of the wrinkled state
is narrow and disappears in the limit of an infinite sheet (L→∞). Thus, diagrams containing all three states require
an account of both finite size and finite compressibility, as we have presented here.
By expanding in 2 = Pw − P we have implicitly assumed that ζ  Pw − Pf ' 8pi2/L2. This imposes an upper
bound on the sheet thickness t (equivalently, a lower bound on its length L) for the theory to be valid. In terms of
the system’s physical parameters the condition reads
t ρgL
2
8pi2E
. (46)
Another practical consideration is that in typical experimental scenarios ζ is very small. For example, the 10-
µm thick polyester sheet of Ref. [16], the 100-nm thick polystyrene sheets of Ref. [36], and the lipid monolayers of
Refs. [32, 33], have ζ ∼ 10−6, 10−6, and 10−7, respectively. In these systems it would be extremely difficult to measure
the compressibility effects derived here. On the other hand, there are softer sheets where these effects may not be as
minute. For example, the Young modulus of common hydrogels is as low as 1–10 kPa. A 100-µm-thick layer of such
a gel will have ζ of a few percent. The validity condition (46) for this system requires that L > 1 cm. In fact, elastic
moduli of very soft materials are notoriously hard to measure using conventional methods. The wrinkle wavelength
is used to measure the bending modulus of sheets, from which, if the thickness is known, the Young modulus of the
material can be indirectly inferred. One may be able to resolve the delicate compressibility effects in soft sheets, e.g.,
by high-precision measurement of the wrinkle wavelength. The wavelength derived above should be corrected for the
fact that, in practice, one observes the compressed, rather than relaxed, lengths. Using Eqs. (21), we get the apparent
wavelength as
λapparent = γwλc = λ
(√
1 + ζ2 − ζ
)1/2
' λ(1− ζ/2), (47)
where λ = 2pi[B/(ρg)]1/4 is the commonly used wrinkle wavelength of an incompressible sheet. Thus, unlike the
predicted wavelength in the relaxed frame, the apparent one will be slightly shorter than its incompressible counterpart.
The correction will scale as t5/4, on top of the dominant t3/4 term. Such measurements may provide another,
independent and more direct, handle for extracting small elastic moduli.
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